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a b s t r a c t
Complete ideals adjacent to the maximal ideal of a two-dimensional regular local ring
(called first neighborhood complete ideals) have been studied by S. Noh.
Here these ideals are studied in themore general case of a two-dimensionalMuhly local
domain, i.e., an integrally closed Noetherian local domain with algebraically closed residue
field and the associated graded ring an integrally closed domain.
It is shown that certain properties of such a local ring R (e.g. being regular or being a
rational singularity in case the embedding dimension is 3) can be characterized in terms of
the first neighborhood complete ideals.
A necessary and sufficient condition for an immediate prime divisor of R to possess an
asymptotically irreducible ideal is derived. If, in addition, R is a rational singularity, we are
able to give a description of such an ideal.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
This note focuses on complete ideals adjacent to the maximal idealM of a two-dimensional Muhly local domain R. Here
a two-dimensional Noetherian local domain (R,M) is termed aMuhly local domain if it is normal with algebraically closed
residue field and the associated graded ring is an integrally closed domain. Note that this implies that the M-adic order
function vM is a valuation of the quotient field K of R, Mn is an integrally closed ideal for all n and the blowup BlM(R)
of R at M is a desingularization of R. These local domains were studied by Muhly [5,6] in the early 1960s in an attempt
to generalize Zariski’s theory of complete ideals in a two-dimensional regular local ring to the more general case of two-
dimensional normal local rings mentioned above. (Actually Muhly considered two-dimensional local domains (R,M) as
above supplemented with one more condition.)
An ideal I ⊂M is said to be adjacent toM (from below) if length (MI ) = 1. Following Noh in [7], the completeM-primary
ideals adjacent toM will be called first neighborhood complete ideals of R.
Ourmain objective in this paper is to demonstrate how someproperties of a two-dimensionalMuhly local domain (R,M)
are reflected in a certain behavior of its first neighborhood complete ideals.
In order to explain more concretely this rather vague sentence, we first determine what kinds of ideals are playing the
role of the first neighborhood complete ideals in (R,M). In Theorem 3.2 a one-to-one mapping will be established between
the set of the immediate (or first) quadratic transforms (R′,M′) of (R,M) and the set of the complete ideals of R adjacent to
M, by associating to (R′,M′) the inverse transform I ofM′ in R. The inverse mapping consists in associating to a complete
ideal I adjacent toM its unique immediate base point (R′,M′). This result explains the name ‘‘first neighborhood complete
ideals’’ for those complete ideals of R that are adjacent toM. Next, the regularity of a two-dimensional Muhly local domain
(R,M) will be expressed in terms of the set T (I) of the Rees valuations of the first neighborhood complete ideals I of R. It
will turn out (see Theorem 3.3) that (R,M) is regular if and only if theM-adic order valuation vM does not belong to T (I)
for a (each) first neighborhood complete ideal I of R.
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Since the two-dimensional regular case is well understood, the two-dimensional Muhly local domains (R,M) in the rest
of the paper will be assumed not to be regular. This implies (see Corollary 3.4)
T (I) = {vM, w}
where I is any first neighborhood complete ideal of R and w denotes the ordR′-valuation corresponding to the unique
immediate base point (R′,M′) of I .
In our third result we will prove a necessary and sufficient condition for a two-dimensional Muhly local domain (R,M)
with embedding dimension 3 to be a rational singularity. More precisely, in Theorem 3.5 it will be proved that (R,M) is a
rational singularity if and only if for a (each) first neighborhood complete ideal I of R there exists a corresponding minimal
reduction (x, y) ofM such that
IM = I(x, y).
Since the two-dimensional Muhly local domains (R,M) in this part of the paper are supposed not to be regular, a prime
divisor of R does not necessarily have an asymptotically irreducible ideal. Thus the question arises of how do we know
whether or not such an asymptotically irreducible ideal will exist.
In Theorem 3.6 a necessary and sufficient condition is given for an immediate prime divisor w of R to have an
asymptotically irreducible ideal. If I denotes the first neighborhood complete ideal corresponding to w, then w has an
asymptotically irreducible ideal if and only if there exists a power ofM, sayMs, such that
In =MsJ
where n := s
2− e(I)e(M)
is a positive integer and J is a completeM-primary ideal in R. Here the overbar ‘‘-’’ denotes the integral
closure and e(A) the multiplicity of the ideal A.
As R is not regular we know (see Corollary 3.4) that, in contrast to the regular case, I is not asymptotically irreducible for
w. So the question arises of who is playing the role of an asymptotically irreducible ideal forw.
We are able to answer this question in Theorem 3.7 in case the two-dimensional Muhly local domain (R,M) is a rational
singularity. With the same notations as above, it turns out that
In :Ms
is a completeM-primary ideal of Rwithw as its unique Rees valuation.
2. Preliminaries
First we recall some notations and results from the theory of degree functions [10,11].
Let (R,M) be a Noetherian local domain with quotient field K . With anM-primary ideal I of R, Rees [10] associated an
integer-valued function dI onM \ {0} as follows
dI(x) = e
(
I + xR
xR
)
where e( I+xRxR ) denotes the multiplicity of
I+xR
xR . The function dI is called the degree function defined by I .
With every prime divisor v of R, there is associated a non-negative integer d(I, v), with d(I, v) = 0 for all except finitely
many v, such that
dI(x) =
∑
v
d(I, v)v(x) ∀0 6= x ∈M
where the sum is over all prime divisors v of R ([10], Theorem 3.2). Here by a prime divisor v over R we mean a discrete
valuation v of K whose valuation ring dominates R and the transcendence degree of the residue field of the valuation ring
over R
M
is dim R− 1.
In case (R,M) is analytically unramified, d(I, v) 6= 0 for all prime divisors v of R that are Rees valuations of I as defined
by Rees in [10] and d(I, v′) = 0 for all other prime divisors v′ of R.
In [11] Rees and Sharp prove that the integers d(I, v) are uniquely determined by dI(x), i.e., if∑
v
d(I, v)v(x) =
∑
v
d′(I, v)v(x) ∀0 6= x ∈M,
then d(I, v) = d′(I, v) for every prime divisor v of R. From this uniqueness it follows that forM-primary ideals I and J in a
two-dimensional Noetherian local domain (R,M), one has that
d(IJ, v) = d(I, v)+ d(J, v)
for every prime divisor v of R [11, Lemma 5.1]. If we make the additional assumption that R is quasi-unmixed and normal,
then this implies that
T (IJ) = T (I) ∪ T (J)
where T (I) denotes the set of the Rees valuations of I .
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In [11, Theorem 4.3] Rees and Sharp show that for anM-primary ideal I in a two-dimensional local domain (R,M), the
multiplicity e(I) of I is given by
e(I) =
∑
v
d(I, v)v(I).
For I and JM-primary ideals in a two-dimensional Cohen–Macaulay local domain (R,M), Rees and Sharp define
dI(J) = min{dI(x)|0 6= x ∈ J},
and they prove [11, Theorem 5.2] that
dI(J) =
∑
v
d(I, v)v(J)
and
dI(J) = dJ(I) = e1(I|J),
where e1(I|J) denotes the mixed multiplicity of I and J , which is defined by e(IJ) = e(I)+ 2e1(I|J)+ e(J), see [12, p. 1037].
Let I and J beM-primary ideals in the two-dimensional Cohen–Macaulay local domain (R,M). Then Rees and Sharp [11,
corollary 5.3] show that the following three statements are equivalent:
(1) I = J where ‘‘-’’ denotes the integral closure.
(2) dI(x) = dJ(x) ∀x ∈M \ {0}.
(3) d(I, v) = d( J, v) for every prime divisor v of R.
Next let us recall the notion of blowup of the local ring (R,M) at anM-primary ideal I of R. Following Göhner in [2, Section 2]
the blowup of R at I , denoted BlI(R), is the following model over R in K , i.e., the following set of local rings lying between R
and its quotient field K :{
R
[
I
x
]
P
|∀0 6= x ∈ I,∀P ∈ Spec
(
R
[
I
x
])}
.
If (R,M) is a normal local ring and I a normalM-primary ideal of R, then BlI(R) is a normal complete model over R in K
(see [13]). For a two-dimensional normal local domain (R,M) as in Göhner [2, Section 2], one has the following useful result
about normal completemodels over R in K (see [2, Proposition 2.2]): If X and Y are normal completemodels over R in K , then
Y is dominated by X if and only if T (X) ⊃ T (Y ). Here T (X) denotes the set of all those prime divisors of R whose valuation
ring belongs to X . Note that in this paper we use the symbol⊂ to mean ‘‘contained in or equal to’’. In particular, if I and J are
normalM-primary ideals of R, then we have
BlI(R) dominates BlJ(R) if and only if T (I) ⊃ T (J)
where T (I) (respect. T (J)) is the set of Rees valuations of I (respect. J).
Let us now consider the special case where I =M. Then the blowup BlM(R) of R atM is the set of local rings{
R
[
M
x
]
P
|∀x ∈M \M2,∀P ∈ Spec
(
R
[
M
x
])}
.
For any x ∈M \M2 and any maximal ideal N of R[Mx ] lying overM (i.e., N ∩ R =M), the local ring
R′ := R
[
M
x
]
N
is called a first (or an immediate) quadratic transform of R.
If I is anM-primary ideal of Rwith ordR(I) = r , then one has in R′
IR′ = xr I ′ with I ′ an ideal in R′.
The ideal I ′ is called the transform of I in R′. In case I ′ 6= R′ (i.e., IR′ is not a principal ideal), then (R′,M′) is called a first
neighborhood (or an immediate) base point of I .
If J ′ is anM′-primary ideal in R′ and n the smallest positive integer such that xnJ ′ is extended from R (i.e., there exists an
ideal J in R such that xnJ ′ = JR′), then
xnJ ′ ∩ R
is called the inverse transform of J ′ in R.
We conclude this section by recalling a few properties of two-dimensional rational singularities. The reader is referred
to [4] and [9] for the definition and other properties of two-dimensional rational singularities.
In a two-dimensional rational singularity (R,M) the following properties hold:
– The product of complete ideals is again complete.
– For any minimal reduction (x, y) ofM one has (x, y)M =M2.
– R has minimal multiplicity, i.e., emb dim R = e(R)+ 1.
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3. Main results
We begin by preparing the ground to prove our first main result (Theorem 3.2).
Let (R,M) be a two-dimensional Muhly local domain and (R′,M′) an immediate (or first) quadratic transform of (R,M),
i.e., (R′,M′) is a two-dimensional regular local ring that belongs to BlM(R) and hence birationally dominates (R,M).
Thus
R′ = R
[
M
x1
]
M1
where x1, x2, . . . , xn is a minimal ideal basis ofM andM1 is a maximal ideal of R[Mx1 ] lying overM.
Since R
M
⊂ R[
M
x1
]
M1
is an algebraic extension of the algebraically closed field R
M
, there exist elements a2, . . . , an ∈ R such
that
x2
x1
− a2, . . . , xnx1 − an ∈ M1.
Further x1 ∈ M1 becauseM1 is lying overM. Thus we have(
x1,
x2
x1
− a2, . . . , xnx1 − an
)
⊂ M1.
The opposite inclusion also holds. To see this we remark that any element ofM1 is of the form
f (x1, . . . , xn)
xt1
with f (X1, . . . , Xn) a form of degree t with coefficients in R. It follows that
f (x1, . . . , xn)
xt1
= ϕ
(
x2
x1
− a2, . . . , xnx1 − an
)
+ a
where ϕ(X2, . . . , Xn) is a polynomial with coefficients in R and a an element of R. Since
ϕ
(
x2
x1
− a2, . . . , xnx1 − an
)
∈ M1,
we have that
a ∈ M1 ∩ R =M
and thus a ∈MR[Mx1 ] = (x1)R[Mx1 ]. From the preceding considerations it follows that
M1 ⊂
(
x1,
x2
x1
− a2, . . . , xnx1 − an
)
,
hence
M1 =
(
x1,
x2
x1
− a2, . . . , xnx1 − an
)
.
Note that
x′1, x
′
2, . . . , x
′
n,
where x′1 := x1, x′2 := x2 − a2x1, . . . , x′n := xn − anx1, is still a minimal ideal basis ofM and
R′ = R
[
M
x′1
]
M1
withM1 = (x′1, x
′
2
x′1
, . . . ,
x′n
x′1
).
Since grM(R) is a normal domain, it follows that R
′
MR′ is a DVR, hence
M′ =
(
x′1,
x′i
x′1
)
R′
for some i ∈ {2, . . . , n}.
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So we can, and do, henceforth assume that a minimal ideal basis x1, x2, . . . , xn ofM has been chosen such that
R′ = R
[
M
x1
]
M1
whereM1 =
(
x1,
x2
x1
, . . . ,
xn
x1
)
and
M′ =
(
x1,
x2
x1
)
R′.
Next we consider the inverse transform I ofM′ in R, i.e.,
I := x1M′ ∩ R.
A number of properties of the ideal I are collected in the following lemma.
Lemma 3.1. With the preceding assumptions and notations we have:
(i) I = (x21, x2, . . . , xn)R.
(ii) I is a simple completeM-primary ideal and I ⊂M are adjacent.
(iii) (R′,M′) is the unique immediate base point of I.
(iv) M′ is the transform of I in R′.
(v) T (I) ⊂ {vM, w} andw ∈ T (I) wherew denotes the ordR′-valuation.
Proof. (i) One has the following inclusions
(x21, x2, . . . , xn)R ⊂ x1M1 ∩ R ⊂M.
So
x1M1 ∩ R = (x21, x2, . . . , xn)R or x1M1 ∩ R =M,
because (x21, x2, . . . , xn)R ⊂ M are adjacent. Now, x1M1 ∩ R = M is impossible since otherwise one would have
MR[Mx1 ] ⊂ x1M1, implying that R[Mx1 ] ⊂ M1, a contradiction. Thus
I = x1M1 ∩ R = (x21, x2, . . . , xn)R.
(ii), (iii) and (iv) follow immediately from (i).
(v) We already know that (R′,M′) is the only immediate base point of I andM′ is its transform in R′.
This implies that T (IM) = {vM, w} and hence
T (I) ⊂ {vM, w}.
Finally w ∈ T (I) since otherwise I would be a simple completeM-primary ideal with T (I) = {vM}, implying that I = M,
which is impossible because of (i). 
We are now ready to state and prove our first main result.
Theorem 3.2. The mapping that associates to the maximal ideal M′ of an immediate quadratic transform R′ of R its inverse
transform I in R, is a one-to-one correspondence between the set of immediate quadratic transforms of R and the set of first
neighborhood complete ideals of R. The inverse mapping consists in associating to a first neighborhood complete ideal I its unique
base point.
Proof. Let I be a first neighborhood complete ideal of R. It follows that I has an immediate base point, say (R′,M′), since
otherwise one would have that T (I) ⊂ T (M) = {vM} and thus I = M, which is impossible. Now we claim that I is the
inverse transform ofM′ in R. Indeed in R′ one has
IR′ = x1I ′
with I ′ 6= R′ because R′ is an immediate base point of I . Note that the minimal ideal basis x1, x2, . . . , xn ofM is supposed to
be chosen as explained just before Lemma 3.1. We have in R the following chain of inclusions
I ⊂ x1I ′ ∩ R ⊂ x1M′ ∩ R ⊂M.
Since I ⊂M are adjacent, it follows that
I = x1M′ ∩ R,
i.e., I is the inverse transform ofM′ in R.
Conversely, if we start with an immediate quadratic transform (R′,M′) of (R,M), then Lemma 3.1 (ii) shows that the
inverse transform I ofM′ in R is a first neighborhood complete ideal of R with R′ as its unique immediate base point. This
concludes our proof. 
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Next, we turn to our second main result which gives a criterion for the regularity of a two-dimensional Muhly local
domain R in terms of the set of Rees valuations of the first neighborhood complete ideals of R.
Theorem 3.3. Let (R,M) be a two-dimensional Muhly local domain. The following assertions are equivalent:
(i) R is regular.
(ii) vM 6∈ T (I) for a first neighborhood complete ideal I of R.
(iii) vM 6∈ T (I) for every first neighborhood complete ideal I of R.
Proof. (i) H⇒ (iii) If I is a first neighborhood complete ideal of R, then we know by Zariski’s one-to-one correspondence
that there is a prime divisorw of R corresponding to I andw is the unique Rees valuation of I , i.e., T (I) = {w}. Since I 6=M,
it follows thatw 6= vM by Zariski’s one-to-one correspondence again. Thus vM 6∈ T (I).
(ii) H⇒ (i) Suppose R is not regular, i.e., the number n of elements in a minimal ideal basis ofM is strictly bigger than
2. In order to derive a contradiction, let us consider a first neighborhood complete ideal I of R and let (R′,M′) denote its
unique immediate base point (see Theorem 3.2).
As we have already explained in our discussions before Lemma 3.1, it is always possible to choose a minimal basis
x1, x2, . . . , xn forM in such a way that R′ = R[Mx1 ]M1 where M1 = (x1,
x2
x1
, . . . , xnx1
)R[Mx1 ] andM′ = (x1,
x2
x1
)R′. Moreover
by Lemma 3.1(i), we then have
I = (x21, x2, . . . , xn)R.
Whether or not vM is a Rees valuation of I depends on the fact whether the center of vM on the blowup BlI(R) (i.e., the unique
local ring (S,N ) ∈ BlI(R)which is dominated by the valuation ring (V,MV) of (vM) is one-dimensional or two-dimensional.
Due to (ii), we have vM 6∈ T (I) and thus dim S = 2. Since
vM(x21) > vM(xn), vM(x2) = vM(xn), . . . , vM(xn−1) = vM(xn),
we see that
R
[
I
xn
]
⊂ V
and
x21
xn
∈MV while x2xn , . . . ,
xn−1
xn
6∈MV .
If we let
P :=MV ∩ R
[
I
xn
]
,
then we see that(
R
[
I
xn
]
P
, PR
[
I
xn
]
P
)
is the unique local ring of BlI(R)which is dominated by (V,MV), in other words it is the center (S,N ) of vM on BlI(R). Since
dim S = 2 (i.e., height P = 2), it follows from the dimension formula that
tr deg
R
M
R[ Ixn ]
P
= 0.
Consequently, the field extension R
M
⊂ S
N
is algebraic and hence R
M
= S
N
because the residue field R
M
is algebraically closed.
Since
x21
xn
∈ P and x2
xn
, . . . ,
xn−1
xn
6∈ P,
one has
S
N
=
(
R
M
)((
x2
xn
)
, . . . ,
(
xn−1
xn
))
,
where ‘‘-’’ is used to denote the natural images of the elements x2xn , . . . ,
xn−1
xn
in S
N
.
It follows that there exist elements a2, . . . , an−1 ∈ R \M such that
x2
xn
− a2, . . . , xn−1xn − an−1 ∈ N .
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So for i = 2, . . . , n− 1 we have that
xi − aixn ∈ xnN ⊂ xnMV ⊂M2V,
hence
vM(xi − aixn) ≥ 2 for i = 2, . . . , n− 1.
On the other hand,
x1, x2 − a2xn, . . . , xn−1 − an−1xn, xn
is still a minimal ideal basis ofM, contradicting the preceding assertion. 
Corollary 3.4. Let (R,M) be a two-dimensional Muhly local domain that is not regular and let I be a first neighborhood complete
ideal of R with (R′,M′) its unique immediate base point. Then
T (I) = {vM, w}
wherew is the ord R′-valuation.
Proof. This follows from Theorem 3.2, Lemma 3.1(v) and Theorem 3.3. 
We now characterize, among the two-dimensional Muhly local domains with embedding dimension 3, those that are
rational singularities in terms of their first neighborhood complete ideals. More precisely, we prove the following result.
Theorem 3.5. Let (R,M) be a two-dimensional Muhly local domain with embedding dimension 3. The following conditions are
equivalent:
(i) (R,M) is a rational singularity.
(ii) There exist a first neighborhood complete ideal I of R and a corresponding minimal reduction (x, y) of M such that
IM = I(x, y).
(iii) For each first neighborhood complete ideal I of R there is a corresponding minimal reduction (x, y) of M such that
IM = I(x, y).
Proof. (ii)⇒ (i) Let I be a first neighborhood complete ideal of R, and suppose there exists a minimal reduction (x, y) ofM
such that
IM = I(x, y).
We know (see Northcott and Rees [8]) that (x, y) can be extended to a minimal ideal basis (x, y, z) ofM. Moreover, we may
suppose, without loss of generality, that the unique immediate base point (R′,M′) of I is given by R′ = R[Mx ]M1 , where
M1 = (x, yx , zx )R[Mx ] (see Lemma 3.1). It then follows that I = (x2, y, z)R by Lemma 3.1 (i). SinceM = (I, x)R, IM = I(x, y)
means that
I2 ⊂ (xI, yI),
and this implies
z2 ∈ (xI, yI).
Hence
z2 = ax3 + bxy+ cxz + dy2 + eyz with a, b, c, d, e ∈ R, (∗)
and at least one of the coefficients b, c, d, e is a unit in R because grM(R) is an integral domain.
Since emb dim R = 3 and grM(R) is a two-dimensional domain, we have
grM(R) = k[X, Y , Z]
(Q )
,
where k denotes the residue field of (R,M), X, Y , Z are indeterminates over k, andQ (X, Y , Z) is an irreducible homogeneous
polynomial with coefficients in k. Due to the relation (∗), it follows that degree Q ≤ 2. On the other hand, degree Q = 1 is
impossible since emb dim R = 3, hence
degree Q = 2.
This implies that
length
(
Mn
Mn+1
)
= 2n+ 1
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and hence
length
(
R
Mn
)
= n2 for all n ≥ 0.
Moreover, since R is a two-dimensional Muhly local domain, we know that R can be desingularized by quadratic
transformations alone (in fact by the blowup at M). So all the conditions of Proposition 23.5 in Lipman [4] are satisfied,
thus it follows that (R,M) is a rational singularity.
(i)⇒ (iii) Let I be any first neighborhood complete ideal of R and let (R′,M′) denote its unique immediate base point. It
is always possible to choose a minimal ideal basis (x, y, z) ofM such that
(1) (x, y) is a minimal reduction ofM,
(2) R′ = R[Mx ]M1 withM1 = (x, yx , zx )R[Mx ].
It then follows from (2) that I = (x2, y, z)R. Now (R,M) being a rational singularity implies that
(x, y)M =M2,
hence
z2 ∈ (x2, xy, xz, y2, yz)R
and thus
z2 = ax2 + v with v ∈ (x, y)(y, z) and a ∈ R.
Here the coefficient a ∈ M, since otherwise x2 ∈ (y, z)R, so I = (y, z)R would be an integrally closed parameter ideal of R.
Due to Goto [3, corollary (2.5)], this would imply that R is regular, a contradiction. Consequently,
ax2 ∈ (x, y, z)x2 = (x3, x2y, x2z) ⊂ I(x, y),
hence
z2 ∈ I(x, y).
Since IM = (I(x, y), z2), it follows that
IM = I(x, y). 
In order to state our next result, we first recall that by an immediate prime divisor w of a two-dimensionalMuhly local domain
(R,M), wemean the ordR′-valuation corresponding to an immediate quadratic transform (R′,M′) of (R,M). AnM-primary
ideal I of R is said to be asymptotically irreducible for w ifw is the only Rees valuation of I , i.e.,
T (I) = {w}.
Let I be the first neighborhood complete ideal ofR corresponding tow according to Theorem3.2, i.e., I is the inverse transform
ofM′ in R.
In the result below a necessary and sufficient condition is given in order forw to have an asymptotically irreducible ideal
in case the two-dimensional Muhly local domain (R,M) is not regular.
Theorem 3.6. Let (R,M) be a two-dimensional Muhly local domain that is not regular,w an immediate prime divisor of R and
I the corresponding first neighborhood complete ideal of R. The following assertions are equivalent:
(i) There exists an asymptotically irreducible ideal for w.
(ii) There exists a power of M, sayMs, such that
In =MsJ
with n := s
2− e(I)e(M)
a positive integer and J a completeM-primary ideal of R.
If this condition is satisfied then T (J) = {w}. The overbar ‘‘-’’ denotes the integral closure of the ideal.
Proof. (i)⇒ (ii) LetW be anM-primary ideal of R asymptotically irreducible for w, i.e., T (W ) = {w}. Since (R,M) is not
regular we have by Corollary 3.4 that T (I) = {vM, w}.
Now we claim that there exist positive integers n, s,m such that
In =MsWm.
To see this, let{n := d(M, vM)d(W , w)
s := d(I, vM)d(W , w)
m := d(I, w)d(M, vM)
(∗∗)
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where d(I, vM), d(I, w), d(M, vM), d(W , w) denote the non-zero degree function coefficients of I,M andW . Then
d(In, v) = d(MsWm, v) for all prime divisors v of R.
This implies
In =MsWm
because of Corollary 5.3 in Rees and Sharp [11]. Let
J = Wm,
then
In =MsJ and T (J) = {w}.
Moreover, it follows from (∗∗) that
n
s
= d(M, vM)
d(I, vM)
.
We now calculate the degree function coefficients d(M, vM) and d(I, vM) using the theory of degree functions (see
Section 2). From e(M) = d(M, vM)vM(M) and vM(M) = 1, one has
d(M, vM) = e(M).
Further e(I) = d(I, vM)vM(I)+ d(I, w)w(I) and vM(I) = 1 (because of Lemma 3.1(i)), thus
d(I, vM)+ w(I)d(I, w) = e(I).
The ‘‘reciprocity relation’’ dI(M) = dM(I) implies
d(I, vM)vM(M)+ d(I, w)w(M) = d(M, vM)vM(I),
hence
d(I, vM)+ w(M)d(I, w) = e(M).
Sincew is the ordR′-valuation, we havew(M) = 1 andw(I) = 2. It follows that
d(I, vM) = 2e(M)− e(I).
Hence
n
s
= e(M)
2e(M)− e(I) =
1
2− e(I)e(M)
,
and this proves the implication (i)⇒ (ii).
(ii)⇒ (i). Let In =MsJ where J is a completeM-primary ideal in R and s, n positive integers with n = s
2− e(I)e(M)
.
It follows that
(2e(M)− e(I))n = e(M)s. (a)
From In =MsJ we see that
nd(I, vM) = sd(M, vM)+ d(J, vM).
We have already seen that d(M, vM) = e(M), hence
nd(I, vM) = e(M)s+ d(J, vM).
By the same reasoning as in the proof of (i)⇒ (ii), one has d(I, vM) = 2e(M)− e(I), and thus
(2e(M)− e(I))n = e(M)s+ d(J, vM). (b)
Comparing (a) and (b) yields
d(J, vM) = 0,
i.e., vM 6∈ T (J) (see Section 2).
On the other hand, it follows from In = MsJ that T (I) = T (M) ∪ T (J), and further we know (because of Corollary 3.4)
that T (I) = {vM, w}. Hence
T (J) = {w},
i.e., J is an asymptotically irreducible ideal forw. 
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In the special case where the two-dimensional Muhly local domain (R,M) is regular, it is well-known from Zariski’s
theory of complete ideals that an immediate prime divisorw of R has an asymptotically irreducible ideal, namely the inverse
transform I ofM′ in R, where (R′,M′) denotes the center ofw on the blowup BlM(R).
However, if (R,M) is not regular, then it follows from the earlier results in this paper that the preceding property does
not hold true anymore. So the question arises of who is then playing the role of an asymptotically irreducible ideal forw (in
casew possesses such an ideal).
In the next result we answer this question in case the two-dimensional Muhly local domain R is a rational singularity.
Note that condition (ii) of Theorem 3.6 holds in this case since a two-dimensional rational singularity satisfies condition (N),
i.e., for every prime divisor v of R there is anM-primary ideal I of R such that T (I) = {v} (see [2]).
Theorem 3.7. Let (R,M) be a two-dimensional Muhly local domain having a rational singularity (not regular). Let w be an
immediate prime divisor of R with center (R′,M′) on the blowup BlM(R) and let I be the inverse transform of M′ in R. Then there
exist positive integers n and s with n = e(M)e(M)−1 s such that
In :Ms
is a completeM-primary ideal of R withw as its unique Rees valuation.
Proof. Since there exists an asymptotically irreducible ideal forw, we have by Theorem 3.6(ii)
In =MsJ,
where n and s are positive integers with n = s
2− e(I)e(M)
and J is a completeM-primary ideal of Rwith T (J) = {w}.
Since I ⊂ M are adjacent (i.e., `(MI ) = 1) completeM-primary ideals and (R,M) is a two-dimensional Muhly local
domain having a rational singularity, it follows from Proposition 3.5 in [1] that
e(I) = e(M)+ 1,
hence
n = e(M)
e(M)− 1 s.
Further
In = In
because in a two-dimensional rational singularity the product of complete ideals is complete. It follows that
In =MsJ
which implies that
In =Ms(In :Ms).
From this, one can conclude by Theorem 3.6 that the completeM-primary ideal In :Ms hasw as its unique Rees valuation,
i.e.,
T ((In :Ms)) = {w}. 
We close this paper with the example below of a two-dimensional Muhly local domain which is a rational double point.
Then each immediate prime divisor of R possesses an asymptotically irreducible ideal and guided by the previous theorem
we are able to describe such an ideal concretely.
Example. Let
R := k[X, Y , Z](X,Y ,Z)
(XY − Z2)(X,Y ,Z)
where k is an algebraically closed field. Then
R = k[x, y, z](x,y,z) and xy = z2,
where x, y, z denote the natural images of X, Y , Z in the right-hand side.
Since an immediate prime divisor w of R is the ordR′-valuation corresponding to an immediate quadratic transform
(R′,M′) of (R,M), we begin by describing these immediate quadratic transforms.
Since (x, y) is a minimal reduction ofM, the immediate quadratic transforms of (R,M) are of the following two types
R
[
M
x
]
M
or R
[
M
y
]
M ′
whereM (respect.M ′) is a maximal ideal of R[Mx ] (respect. R[My ]) lying overM.
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As the defining equation xy = z2 is symmetric in x and y, we only have to consider those immediate prime divisors that
are associated to the immediate quadratic transforms of (R,M) lying on the chart R[Mx ] (i.e., those of the form R[Mx ]M ). Since
k is algebraically closed,M is of the form(
x,
z
x
− a
)
R
[
M
x
]
with a ∈ R.
From yx = ( zx )2 it follows that yx − a2 ∈ M . Thus one has
M =
(
x,
y− a2x
x
,
z − ax
x
)
R
[
M
x
]
.
Now it is clear that
M = (x, y− a2x, z − ax)R,
and if we set
x′ := x, y′ := y− a2x, z ′ := z − ax,
then
M = (x′, y′, z ′)R and M =
(
x′,
y′
x′
,
z ′
x′
)
R
[
M
x′
]
with x′(y′ − 2az ′) = z ′2.
Let I be the inverse transform ofM′ in R, i.e., I is the first neighborhood complete ideal corresponding to the immediate
prime divisorw := ord′R-valuation according to Theorem 3.2.
Then by the same reasoning as in the proof of Lemma 3.1 (i), we have
I = (x′2, y′, z ′)R.
Since the two-dimensional Muhly local domain (R,M) is a rational singularity, the immediate prime divisorw possesses an
asymptotically irreducible ideal. Thus, by the proof of Theorem 3.7, there exists a positive integer s such that
I2s =MsJ
with J a completeM-primary ideal of R, and (again by Theorem 3.7)
I2s :Ms
is an asymptotically irreducible ideal forw. We claim that the above holds with s = 1. Indeed, one verifies that
I2 =MJ ′ with J ′ := (x′3, y′ − 2az ′)R.
This shows that condition (ii) of Theorem 3.6 holds (with s = 1 and n = 2s = 2), hence T (J ′) = {w}, and thus
I2 =MJ ′ with T (J ′) = {w}.
Since vM(J ′) = 1 and T (J ′) = {w}, we see that J ′ is a simple complete M-primary ideal of R which is asymptotically
irreducible forw. Now we claim that
J ′ = I2 :M.
Indeed, it is readily seen that
I2 =M(I2 :M),
and this implies that T ((I2 :M)) = {w} because of Theorem 3.6(ii).
On the other hand, since (R,M) is a two-dimensional rational singularity, Corollary 3.11 in Göhner [2] implies that I2 :M
is some power of J ′ (in particular I2 :M ⊆ J ′). Thus
J ′ = I2 :M.
We can conclude that every immediate prime divisorw of R has an asymptotically irreducible ideal given by
I2 :M,
where I is the first neighborhood complete ideal of R corresponding tow according to Theorem 3.2. 
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